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Abstract

This paper characterizes the solution to a consumption/saings decision problem in
the presence of discrete adjustments. A number of recent stlies have suggested that
the presence of discrete adjustments may help explain knowanomalies of consumer's
risk behavior, such as simultaneous purchase of insurancend lotteries or the equity
premium puzzle, because they (i) create incentives for ganmimg and (ii) amplify risk
aversion with respect to small risks. This paper argues thateven though these pre-
dictions naturally arise in static models, they do not necesarily extend to a dynamic
setup. We show that (i) the possibility of choosing when to make the discrete adjust-
ment can eliminate the gambling motive and that (ii) the agents, who plan to make
the discrete adjustment in the future, become more tolerantto small risks than the
agents with the same wealth levels in the model without disceteness.
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1 Introduction

Discrete choice is a common feature of many economic decisgroblems. Examples are
numerous, including occupational choiceémarriage and fertility decisions, technology adop-
tion, consumption choice in the presence of xed adjustmemtosts or borrowing constraints,
and many others® Thus it is not surprising that various implications of discete decisions
have been broadly discussed in economic literature. In patlar, it has been noted that the
discrete nature of certain adjustments may help explain samanomalies of consumers' risk
behavior documented in the data, namely the willingness tcake lotteries, as well as high
risk aversion with respect to moderate income (or wealth) sks.

A typical argument goes as follows. If income is one of the @eminants of the deci-
sion variable that is adjusted discretely, then the consum's indirect utility function is not
globally concave in income, implying that in some ranges iome lotteries may become ben-
e cial. At the same time, small income changes typically do at induce the consumer to
make a discrete adjustment and are fully absorbed by other,are exible, variables (such
as consumption of non-durable goods). Thus the discretesesf some choice variables am-
pli es the variability of the others in response to moderatancome shocks. If the consumer
is risk averse with respect to these exible variables (as ithe case with consumption of
non-durable goods), discrete adjustments increase the feeé costs of moderate income risk,
magnifying the degree of risk aversion with respect to modse income shocké.

A number of authors have argued that such e ects of discretehoice on consumers' risk
attitudes may help understand some of the puzzling observans in di erent areas of eco-
nomics. For example, the discreteness of occupational at®imay help explain the rise in
consumer bankruptcies over the last decades (Livshitz et.l.a2007) and excess risk tak-
ing by entrepreneurs (Vereshchagina and Hopenhayn, 200®lternatively, the existence of
bounded from zero transaction fees associated with adjustmts of durable goods { which
endogenously generates discrete adjustments of durablesd@y contribute to explaining the
equity premium puzzle (dates back to Grossman and Laroque 9®), and justify why many
employment contracts feature rigid wages while incorporatg the possibility of unemploy-
ment (Postlewaite et al. 2006).

LFor example, the choice between work for hire versus entregneurship, or employment versus retirement.

2For example, the choice of durable consumption goods, suchszhousing.

30Observe that while some adjustments are discrete by their nfure, such as occupation or fertility de-
cisions, the discreteness of others may be generated endogesly due to the presence of xed adjustment
costs.

4A formalization of these arguments in di erent environments can be found, for example, in Chetty and
Szeidl (2007).



Given the numerous applications, it is important to undersand to what extent the above
mentioned e ects of discrete choice on consumers' risk atides are robust to various changes
in economic environments. This paper argues that even tholughese predictions naturally
arise in static models, they do not necessarily hold in a dynac setup. The reason is that in
a dynamic environment consumers can decide not only which ewof the discrete options to
choose right now, but also whether to switch to a di erent opbn in the future. This may give
rise to transitory behavior. some consumers choose to gradually accumulate (or redutteir
asset holdings and make the discrete adjustment only whenein wealth reaches a certain
level. Such transitory behavior may arise if the consumer rrowing constrained and needs
to accumulate certain amount of wealth in order to implementhe discrete adjustment? if
the available options are discrete by nature and the consumewitches between the two
levels over time in order to average the life-time consumyin of the discrete good, or if any
changes in economic environment occurred after the initialecision has been made and a
xed transaction cost must be paid to implement the adjustmat.”’

The role of such transitory behavior is the main focus of thipaper. We show that it
a ects consumers' attitudes towards risk in two ways. Firstthe possibility of choosing dif-
ferent discrete options during lifetime helps consumers temooth out the non-concavities
in the indirect utility function and, therefore, may reduce and even completely eliminate,
the gambling motive. Second, in dynamic environments the nsumers can respond to mod-
erate income shocks by adjusting their asset holdings in atldn to the exible variables
with respect to which they are risk averse (such as consumgii of non-durables). For the
consumers who are saving (or dissaving) in order to implentetie discrete adjustment in
the future, doing this may be particularly attractive. This is because for such consumers
small variations in wealth translate into small variationsin the timing of the discrete ad-
justment, and, if the life-time utility is time-separable, these variations do not necessarily
generate welfare losses. In fact, we show that, while for tb® consumers, who do not plan
to implement the discrete adjustment in the future, the degge of risk aversion with respect
to small income shocks is magni ed by the presence of disaeddjustments (as in the static
models), theconsumers who exhibit transitory behavior become more rigkerant.

The implication of our ndings is that discrete choice may beless helpful in under-

SFor example, a downpayment must be paid to purchase a house a set-up cost must be incurred to
start own rm or adopt a new technology.

8For example, the consumer can average his life-time work has by choosing when to retire if part-time
employment is not possible.

"For example, a persistent increase in income may induce theomsumer to start saving in order to move
to a bigger house.



standing the anomalies of consumer's risk behavior than itas been suggested by previous
theoretical studies. Take, for example, the idea that the msence of transaction fees for
housing may help explain the equity premium puzzle. Our refis suggest that the overall
e ect of in exibility of housing adjustments on consumers'risk preferences is ambiguous: it
reduces the welfare cost of moderate risks for some consusn@ghose who adopt transitory
behavior) and magni es the risk aversion of the others (th@swho do not plan to switch to
a di erent house in the future). Hence, the e ect of housing djustments costs on "aggregate
risk attitudes' (e.g. aggregate demand for risky assets) pends on how likely the transitions
are to occur. In the last section of the paper we develop a sesiof numerical exercises and
argue that the transitory behavior is likely to arise and cold have signi cant impact on the
economy's aggregates. Our observations are consistenttwihe recent quantitative results
by Stokey (2009%, who nds that the presence of transaction costs for housinadjustments
is not likely to be a signi cant component in explaining the quity premium puzzle?® In
some sense, the analysis in our paper provides a theoreticaionale for Stokey's numerical
results.

Another interesting application of our ndings pertains to the e ect of borrowing con-
straints on risk attitudes. Recall that in an environment wthout discrete adjustments,
borrowing constraints magnify the cost of uninsured incomask because consumption of
constrained agents is more sensitive to negative income ske than consumption of un-
constrained agents. In the models with discrete choice, vowing constraints may cause
transitory behavior by requiring that a certain amount of walth is accumulated before the
discrete adjustment is implemented (e.g. the downpaymenbif a house, or cost needed to
start own rm or pay the technology adoption fee). We show thg depending on the re-
lationship between the time discount and the interest rateghe consumers exhibiting such
transitory behavior may be risk lovers, risk neutral or riskaverse. Had there been no bor-
rowing constraints, such transitory behavior would not age since the consumer would be
able to implement the desired discrete adjustment immedialy, and the consumer would be

8Stokey (2009) also uses the methodology developed in Grosam and Laroque (1990) to provide an
analytical characterization of the housing choice in conthuous time models under the assumptions of CES
utility function, Brownian investment returns and no borro wing constraints.

9Several other studies, such as Fratantoni (2001) and Fukusima (2005), investigate numerically whether
in exible housing adjustments can contribute to explaining the equity premium puzzle. They use very
di erent frictions to generate infrequent housing adjustments. Instead of introducing xed adjustment costs,
they alow housing changes to occur either in certain time péods or with some probability. In other words,
the possibility of choosing the moment of housing adjustmet) is not taken into account in these studies,
which, in accordance with our ndings, overestimates the rde that in exible housing adjustments play in
explaining the equity premium puzzle.



risk averse independently of the values of the time discouand the interest rates. Thus, in
the presence of discrete adjustments, borrowing constréénmake some consumernsore risk
tolerant. This is an interesting observation, which, to ouknowledge, has not been made in
the previous literature.

Our analysis also uncovers a novel relationship between tpatience of the consumers ex-
hibiting transitory behavior and their risk attitudes. We show that the relationship between
the time discount rate and the risk-free interest rate is creial for shaping the risk preferences
of such consumers. When the two rates are equal to each oth#rese consumers are risk
neutral with respect to small income (or wealth) shocks. Whethese rates are di erent,
the consumers are either risk averse or risk lovers, depemglion whether they are saving or
dissaving prior to implementing the discrete adjustment. i particular, the less patient is the
consumer who is saving in order to switch to a new option in thieiture, or the smaller is the
risk-free interest rate paid on his savings { the more risk terant he turns out to be. While
the relationship between the risk-free interest rate and sk tolerance is very intuitivel® the
relationship between patience and risk aversion is less p#able. The formal reason is that
that, for the consumers exhibiting transiting behavior, srall income (or wealth) shocks lead
to variations in the timing of a discrete adjustment. The disrete adjustment generates a
discrete increase in the instantaneous utility function. ime-separability and exponential
discounting in the lifetime utility creates convexity in caxsumer's preferences with respect
to the timing of the discrete adjustment (provided that time discount factor is below 1).
11 The smaller is the time discount rate, the bigger is the degeeof this convexity, and
the more risk-tolerant is the consumer. Thus, among the comsiers who save in order to
implement the discrete adjustment in the future, the less gant ones also turn out to be
more risk-tolerant.

Our paper builds on a recent work by Chetty and Szeidl (2007yyvho analyze the e ects of
transaction costs associated with housing adjustments oomrsumers' risk preferences. They
consider an environment where, after the initial housing dice is made, a permanent income
shock is realized, and housing adjustments may become dable. Within this model, the
authors analyze how the presence of housing adjustment ®st ects the consumers' risk
attitudes with respect to further unanticipated income shaks. Even though Chetty and

P)nvesting in a safe asset is an outside option to taking risk ifivesting in a risky asset); thus higher
risk-free rate reduces the willingness to opt out for a riskyoption.

I'Note, however, that such convexity with respect to the timing of the adjustment does not imply that
the consumer must be risk lover with respect to income (or welth) shocks. This is because randomizing
over income (or wealth) may, depending on the size of the theisk-free interest rate, increase or reduce the
expected time needed to accumulate the amount of wealth at wich the adjustment becomes optimal.



Szeidl's model is dynamic, it is built in such a way that all te housing adjustments (if any)
are made in the rst period only, and the transitive behavior{ which is the main focus of
our paper { does not arise. In particular, Chetty and SzeidlZ007) assume that the risk-free
interest rate is equal to zero and that consumers can borrowgainst their future income.
Under these assumptions, the consumers have no incentivesdelay housing adjustmentd?
Relaxing either one, however, would create a motive for trarory behavior. Namely, if the
interest rate is positive, late switches reduce the preseméilue of the xed adjustment cost;
if borrowing constraints are present, the consumers mighteed some time to accumulate
su cient funds to nance the switch. Since these mechanismsare shut down in Chetty
and Szeidl (2007), all housing adjustments in their model lp@en only in period zero, the
transitory behavior never occurs and their results regardg the e ects of housing adjustment
costs on consumers' risk attitudes are similar to the predions obtained in static models.
We extend Chetty and Szeidl's environment by allowing for a gsitive interest rate and/or
borrowing constraints, which enables us to analyze the e tcof transitory behavior.

Following Chetty and Szeidl (2007), our results are derivedh a dynamic perfect fore-
sight model. On the one hand, it may sound unusual that we digss the implications for
consumers' risk attitudes in the model in which there is no wertainty. On the other hand,
such approach is quite instructive because by analyzing trehape of the indirect utility
function in the deterministic environment we are able to undrstand whether the consumers
would be willing to undertake risk (i.e. invest in risky asss) if such option was available.
Alternatively, from the solution of this deterministic problem we can immediately derive the
welfare losses associated with unexpected permanent in@(ar wealth) shocks. Thus when
we say that discrete adjustments make the consumer less (raprisk averse, we mean that
the welfare losses associated with unexpected permanentksare smaller (higher) in the
environment with discrete adjustments than without.

Finally, our paper makes a methodological contribution. Talescribe consumers' behavior
in the presence of discrete adjustments, we need to solve andgnic model of discrete choice.
It is well known that, in general, models of this type are hardo characterize analytically.
In particular, it is di cult to establish the single crossin g property of the value functions
associated with the available discrete options. One su cient condition that would guar-

2This is true if the time discount rate and the interest rate are equal to each other. Such assumption
is made in Chetty and Szeidl (2007) and it considerably simgles the analysis. Since in their paper the
interest rate is set to zero, the time discount rate is also ze, which implies that Chetty and Szeidl's model
had to be formulated in nite horizon.

BEstablishing single crossing property allows to derive thecuto rules for the state variable which char-
acterize the agents' discrete choice.



antee such single crossing (and which is often used in dynandiscrete choice model$)
is the monotonicity of the di erence between (i) the value olswitching to the new option
in the current period and (ii) the value of switching to the sane option in the following
period. Unfortunately, this condition does not hold in manydiscrete choice models, where
the instantaneous payo is bounded from above { as it is typial in the models of consumer
choice. We show that in this class of models standard recursi methods can be used to
derive a much weaker condition guaranteeing single crosginlt turns out that instead of
establishing the monotonicity of the di erence between théwo value functions (switching
now and switching in the following period), it is enough to wefy that these value function
cross only once, which can be easily done in our setup. Morenwthis su cient condition
can be easily veri ed not only in our model with housing adjusnent costs but also in other
similar environments with perfect foresight, such as occafional choice® or costly tech-
nology adoptiont® models. Hence, even though our results are derived in a haugimodel,
they also can be immediately applied to other economic prabhs. For instance, they can
generate a number of testable predictions about the behaviof the consumers who make
savings to start their own business, upgrade to a new techwogly, go to school, retire, etc.

The rest of the paper is organized as follows. Section 2 dakes the modeling envi-
ronment and presents our main theoretical results. Sectid® develops a series of numerical
exercises to analyze whether transiting behavior might havquantitatively important con-
sequences in our framework. Section 4 discusses our resattd outlines the directions for
further research.

Y see, for example, Dixit and Pindyck (1993)

150ccupational choice models with uncertainty are heavily ugd in macroeconomic models. The examples
include Lucas (1974), Quadrini (2000), Bohacek (2006), Cagtti and DeNardi (2006) and others. The
examples of occupational choice models with perfect foreght are studied in Buera (2006), Vereshchagina
and Hopenhayn (2006).

165ee, for instance, Greenwood and Jovanovic (1990)and Khamad Ravikumar (2002).
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2 Theoretical Analysis

2.1 The Model

Consider an agent who receives utility from two consumptiogoods, food and housing. The
agent's life-time utility is given by:
Xl

u(e; hy);
t=0

where 2 (0;1) is the time discount factor, and the instantaneous utily in period t is

derived from the ow consumption of foodc, and housingh;. Assume thatu( ; ) is de ned

on R? , is bounded from above, is strictly increasing, strictly aocave, and satis es Inada
conditions.

Suppose that in every period the agent receives incorge 0, which can be spent on
consumption goods or stored in a risk-free asset which o ersterest rate r. In most of the
analysis below we assume that(1+r) = 1, and will later discuss the implications of relaxing
this assumption. The consumer's total asset holdingg might be subject to the borrowing
constrainta, a(ifa= 1 there are no borrowing limits and the transversality condibn
limy 41 uj"—tr)t =0 is imposed instead). Denote the agent' initial asset holdgs by ag.

Food consumptionc is exible and can be adjusted at no cost. In contrast, a xed
adjustment cost > 0 must be paid if the agent switches from one housing level to@ther.
The presence of the transaction cost guarantees that the housing adjustments, if they
occur, are discrete. At this stage, we assume that the agentnitial housing consumption
ho is exogenously giver! In the numerical exercise in the last Section we endogenizedy
introducing permanent income shocks dt= 0 and allowing consumers to choode, optimally
prior to the realization of uncertainty in y. In this Section we analyze the consumer's problem
after the initial housing decision has already been made aadl uncertainty has been resolved,
i.e. hy is a state variable alongside withay.

Notice that, since (1 + r) = 1 and there is no further uncertainty, the consumer will
make at most one housing adjustment over the course of lifete (after which he will maintain
constant consumption levels of food and housing for the resf his life). This considerably
simpli es the characterization of the consumer's optimal lwoice because we can easily de-
scribe its properties after the housing adjustment is madel'hus the decision problem of the

7Since hg is xed, the adjustment cost may be interpreted as a function ofhg, i.e. a fraction of the
total housing value.



consumer with initial housing commitmenthy, initial wealth a, and per period incomey can
be written as the choice of the food consumption and wealth pies fcgy and fa, g} ,
the moment of housing adjustmentl as well as the level of housing consumptidn to which

the consumer switches in periodN :

X 1 X1
V (ao; ho) = max ‘u(c; ho) + ‘u(c;h)
foargh SN2 0;1;2;05+1g _
t=0 t=N
At+1 ) .
s.t.ct+h0+1+r a+ty, 0 t<N;
At+1
+h + + +vy; t=N;
G T+r &Y 1)
At+1
+h + +vy; t>N;
G 1+1 a t+y, ;
a a t 0

ap and hg are given.

Note that the agent might decide to switch to a new house rightway by setting N = 0
(in which case the rst set of the budget constraints is irredvant) or to remain in his initial
househ, forever by settingN =+ 1 .

Decision problem (1) is an extension of the decision problestudied in Chetty and Szeidl
(2007). The environment in this paper di ers from Chetty andSzeidl (2007) in two respects:
we let the interest rater be positive and also allow for the possibility of borrowinganstraints.
Either of these features might induce the consumer to wait faa while prior to adjusting
housing consumption, either in order to decrease the presamlue of the adjustment cost

(if r > 0) or in order to accumulate enough funds to nance the switcliwhich might be
relevant when the borrowing constraints are binding). In aatrast, Chetty and Szeidl (2007)
analyze the model withr = 0 and without the borrowing constraints.*® That is why in their
framework the consumers make housing adjustments (if anyhly in period 0.

2.1.1 Restricted decision problem: no housing adjustments in t 1 and no
borrowing constraints

As a benchmark, it is useful to brie y discuss what the solutin to the consumer's decision
problem would be if delaying housing adjustments was not alived and there were no bor-
rowing limits. In this case, the consumer chooses betweemgng in his initial house forever

8Similar to this paper, Chetty and Szeidl (2007) also assumehtat (1 + r) =1 in order to eliminate the
incentives for repeated housing adjustments. Since they sa = 0, it must be that =1 and that is why
they study a nite horizon framework.



as @ s a

Figure 1: An (s,S) property of the consumer's housing choieehen housing adjustments are
made only att = 0.

and switching to a new house of optimal size immediately. Denote the value of staying
in the initial house hg by V; (a). It can be expressed recursively as
0

& h+ V(@ 2)

Vi (a) = mg}xfu(a+ y hg 17

If the consumer could adjust housing consumption costlegshis value ¥ (a) would be
¥(a) =maxfV (aih )g; (3)

whereV (a;h ) is the value of staying in houséh forever:

0

V (a;h)=maxfu(a+y h a 'h)+ V (@h)g: 4)
a0 1+r

Obviously, V; (a) = V (a; ho).
Since the consumer has to pay costfor housing adjustments, the value/y(a) of switching
to a new house immediately can be found as
aO
Vo(a) = maxfu(a+y h ——h)+ VvV (@h)g: (5)
a%h 1+
Note also that\y(a) = ¥(a ).
The consumer's value is then given by md¥; (a); Vo(a)g. The value functions ¥ (a),
Vi (a) and Vp(a) are illustrated on Figure 1. Observe that¥(a) Vi (a) for all a, and the
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values ¥ (a) and V; (a) are tangent at the wealth levela at which housing consumptionhg
would be chosen had there been no adjustment costs. Singga) is obtained by shifting
¥ (a) to the right by , Vy(a) < Vi (a), implying that the consumer would choose not to
make housing adjustments in the neighborhood @&. Later on (in Proposition XX) we will
verify that Vy(a) intersects V; (a) twice, at a; < a and as > a, and that maxf V; (a); Vo(a)g
is not smooth at these intersection points. Thus the consumig housing decision has an
(s;S) property: he stays in the initial house ifa 2 [as; as], moves into a smaller house if
a < ag and moves into a bigger house & > as.

The shape of the resulting value max/; (a); Vo(a)g of the agent describes his risk pref-
erences because it determines the welfare costs of unexpégiermanent wealth (or income,
since there are no borrowing limits) shocks. Since this vadunction has kinks atas and as,
the agent has a gambling motive in some wealth ranges. At tharse time, inside the &s; as)
interval, the agent's value function appears to have highecurvature!® than ¥(a). This is
obviously true at ag, and Chetty and Szeidl (2007) show that, under some assumgtis on
the instantaneous utility function u(c; h)?°, this also holds for any other wealth level inside
(as;as). The implication is that the presence of housing adjustméncosts magnies the
degree of risk aversion in theq; S) band.

In what follows we show that if the agent is allowed to delay hesing adjustments, his
value function changes in two ways. First, it becomes globgalconcave and the gambling
motives disappear. Second, the interval, within which thegent's risk aversion is magni ed
relative to the environment without adjustment costs, shmks, and there appear the intervals
where the housing adjustment costs make the consumer morgkiolerant. In the last Section
of the paper, we illustrate in a series of quantitative exerges that such intervals are likely to
be large relative to the intervals where the risk aversion imagni ed, and that their presence
may have a signi cant impact on the risk aversion at the "agggate level'.

19A measure of curvature of a value functionv(a) that is used in Chetty and Szeidl (2007) to evaluate risk
preferences is the the coe cient of relative risk aversion CRRA) (a) = v®{a)a=\Ya).

2ONamely, Chetty and Szeidl (2007) require thatu(c; h) is either homogeneous of some degree or is separable
in two goods and has constant CRRA in food consumption.
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2.2 Solution of the full dynamic problem: recursive approac h

The solution approach described in this Section can be apgii to a broader class of dynamic
discrete choice models with perfect foresight, such as opational choice or technology
adoption. Thus the analysis below is somewhat more generd&lan is needed to solve our
housing model, which might make it attractive to a larger sebf readers, especially those
working with similar dynamic models with discrete choice.

It is convenient to explicitly reformulate the consumer's dcision problem (1) as the choice
of the moment of switching to a new house. For brevity, we dropy and denote byV (a) the
value of the consumer who has not moved to a new house yet. linche represented as

V(a) = maxfVy (a); Vo(a); Vi(a); Va(a); Va(a); 0 (6)

where V,(a) is the value of the consumer who plans to move into a new houset periods.
Given Vy(a), the sequence of the value functiongV;(a)g;.; can be determined recursively:
aO

Vi (@) = maxfu(a+y hg ho)+ Vi(@)g=TV(a); t O 7)
a® a 1+r

Equation (7) says that the consumer, who plans to move into aew house int + 1 periods,
chooses his savings optimally and in the next period conties with the value of the consumer
who plans to move into a new house ihperiods. Obviously, the valueV; (a) of the consumer
who remains in housé, forever (de ned in (8)) is the xed point of the operator T:

Vi (@) = tI!irg1 T'Vo(a): (8)

Such recursive representation helps to fully characterizbe solution to the consumer's de-
cision problem (1) and describe the properties of the valueriction V(a). The crucial step
in characterizingV (a) is establishing the following Lemma:

Lemma 1 Let C([a;+1 )) be a set of bounded, strictly increasing, strictly concave@ con-
tinuously di erentiable functions on[a;+1 ), and letT : C([a;+1 )) ! C ([a;+1 )) be an
operator de ned in (7). Suppose that 2 C([a;+1 )) and G 2 C([a;+1 )) have at most one
intersection andF (a) > G (a) foralla>a  a (see Figure 2). Then

(i) TF(a) and TG(a) cannot have more than one intersection andF (a) > TG(a) for
suciently large a; leth =minfa a:TF(a) TG(a)g;

12
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Figure 2: lllustration to Lemma 1

(i) a%(a) a foralla B andal(a) a forall a< b, whereal(a) and al(a) are
the optimal saving policy rules of the agents maximizidg- (a)and TG(a) respectively;

(i) denote by a anday a  the wealth levels at whiclF (a) and G(a) are tangent with
their common tangent line, and bya, and by the corresponding wealth levels for the
pair of functions TF(a) and TG(a). If a. > a and b > a then a%(h. ) = a_ and
a(by) = an.

These results hold for any value of(1+r)> 0 (notonly (1+r)=1).

The results of Lemma 1 are very intuitive. The rst statementsays that if the choice
between the two optionsF (a) and G(a) is described by a unique threshold rule then the
decision problem of the agent who chooses whether to continwith F(a) or G(a) in the
future is also described by the unique threshold rule for thegent's current wealth level. The
second statement says that the savings policy of the agentdgnsistent with his future choice
betweenF (a) and G(a): for instance, if the agent preferd F (a) in the current period then he
would save so much that in the next period he would indeed pefto choose optior=( ). The
last statement follows directly from envelope and rst ordeconditions and implies that the
agent's optimal saving policy maps the tangent points of thegalue functions (corresponding
to di erent options) with their common tangent line into the points with similar property.
The proof of Lemma 1 is in the Appendix.

Note that Lemma 1 does not require that the di erence betweek (a) and G(a) is mono-
tone in a. In contrast, such assumption is commonly used in discretéace literature to
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establish single crossing of F (a) and TG(a) (e.g. Dixit and Pindyck 1993 or Greenwood
and Jovanovic 1990). It is indeed straightforward to verifythat, given the structure of the
operator T, if F{a) GYa) were satis ed for all a then TFq{a) TGYa) would also hold
for all a (implying single crossing?* However, if F(a) and G(a) correspond to the agent's
value functions, they naturally inherit the properties of he instantaneous utility function,
and, if the latter is bounded from above, it would follow thatlim, ., F(a) G(a) = 0.
Thus in our model, as well as in other models where instantamgs payo is bounded from
above?, the di erences between the two value functions associateslith di erent options
would not be monotone. Lemma 1 shows that single crossingfF (a) and TG(a) can still
be established in these environments, as long &$a) and G(a) have at most one intersection
(a weaker condition than monotonicity of their di erences) It is also important to point out
that the proof of Lemma 1 is quite general, it does not rely orhe structure of our particular
housing model, and uses standard recursive arguments. Thue believe that the result of
Lemma 1 may be of particular interest to the broader set of reers working with dynamic
models of discrete choice.

We can now use Lemma 1 to provide a complete characterizatiai V(a). The rst
statement of Lemma 1 implies that if\Vp(a) and V;(a) have at most one intersection then
any two consecutive functions/(a) and Vi.1 (a) from the sequencéd V,(a)g,_; de ned by (7)
would also have at most one intersection. The second statembeof the Lemma 1 is used
to argue that the corresponding sequence of the cuto levelaust be monotone as long as
Vi+1 (@) > maxt Vy (a); Vo(a); Vi(a); :::; i(a)g for somea  a. Thus we can formulate the
following Proposition:

PROPOSITION 1  Let (([a;+1 )) be a set of bounded, strictly increasing, strictly concave
and continuously di erentiable functions on[a;+1 ), let T : (([a;+1 )) ! C ([a;+1 )) be
an operator de ned in (7), and letV; be the xed point of this operator. Suppose that
Vo 2 C([a; +1 )) satis es the following conditions:

(a) Vo(a) and TVp(a) have a unique intersection ag; a, i.e. Vo(a,) = TVo(ay);
(c) W(a) and V; (a) have at most one intersection.

Then V(a) = maxfV; (a); Vo(a); Vi(a); Vo(a); Va(a); :::0, where i,y = TV, forallt 0, has
the following properties:

2L This implication follows directly from the envelope and rst order conditions.

22Such assumption is often made in macroeconomic models fordenical reasons and holds for commonly
used utility functions, such as constant relative risk avesion u(c) = Cll— with > 1 or exponential u(c) =
1 e & with a> 0.
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(i) if V1 (a) < Vo(a) for su ciently large a then there existsa  a; such that

8
2 Vi (a); a2laal]
V(a) = S maxf Vi(a); Vo(a); :::0; a2 (a;a;)
Vo(a); a2fa;+1)

Moreover, if a; > a then there exists a strictly decreasing (possibly in nitesequence
of the cuto levelsfa,gl., 2 (a ;a;) such that

V(@)= V(a) and a%a)2 (a;a ,] forall a2(a,;al; 1 t T L

whereaYa) is the optimal savings policy and, > a .

(i) if Vi (&) > Vo(a) for su ciently large a then there existsa  a; (possibly,a =+ 1)

such that 8
2 Vo(a); a2 [aa]
V(a) = S maxf Vi(a); Vz(a); 10, a2 (a;;a)
Vi (8); a2la;+1)

Moreover, if a; <a then there exists a strictly increasing (possibly in nite)sequence
of the cuto levelsfa,gl., 2 (a;;a) such that

V(@)= V(a) and a%a)2 (a ;] forall a2 (a;a,]; 1 t T L

whereaYa) is the optimal savings policy and, = a.
These results hold for any value of(1+r)> 0 (notonly (1+r)=1).

Proposition 1 implies the agent's housing decision is dedxed by a set of simple cuto
rules: he remains in the initial house forever if his initialvealth is su ciently small ( “inac-
tion' region fg; a ]), switches to a new house right away if he is su ciently rich( immediate
adjustment' interval [a;;+1 )) and delays switching to a new house if his wealth falls into
the intermediate interval (a ;a,) (‘transitory' interval). Proposition 1 also says that within
the transitory interval the consumer's wealth monotonicdy adjusts over time, and thus the
closer the agent's initial wealth is toa , the longer he would remain in his initial house.

Remark 1 If (1+r)=1 then the sequencka, g/., of the cuto levels is in nite (i.e. T =
+1 ) with limy, +, & = a, provided that either (i) of Proposition 1 holds in combinabn
with a a <a, or (ii) of Proposition 1 holds.
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V.,V

Figure 3: An example of the functionV(a) = maxfV; (a); Vo(a); Vi(a); V2(a); :::g and the
optimal savings policyaYa) when V; (a) < V(a) for su ciently large a.

ViV,

Figure 4: An example of the functionV(a) = maxfV; (a); Vo(a); Vi(a); V2(a); :::g and the
optimal savings policyaYa) when V; (a) > V(a) for su ciently large a.
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Figures 3 and 4 illustrate examples of the value functions dnwealth dynamics in the
transitory interval obtained in cases (i) and (ii) respectvely. Note that, by the above Remark,
sincea 6 a, anda<a < +1 ,the sequence of the cuto § a,g;-, may be in nite, in which
case we would have to illustrate in nite sequence of value riations f V;(a)g;— . In order to
keep the Figures cleaner, we have shown only the rst threeeshents of each sequence and
indicated that there may be more cuto levels betweera and as.

Finally, it is important to remark that the results of Proposition 1 hold for any value of
(1+r) as long as conditions (a) and (b) are satis ed. They also doaotrely on the particular
speci cation of the housing model studied in this paper andan be directly applied to other
dynamic discrete choice models with perfect foresight. Thas why the properties of the
agent's discrete choice, as well as the following discussi@garding the e ects of transitory
behavior of consumers' risk preferences, is not restrictéol our housing model, and pertains

to many other economic environments.

2.3 The e ects of transitory behavior on risk attitudes

This Section provides a more detailed characterization ohé agent's value function in the
transitory intervals and discusses its implication for rik preferences of the consumers adopt-
ing transitory behavior. We start by describing risk attitudes of the agents who aransiting
upwards{ those who are accumulating wealth in order to switch to a newption in the future
(i.e. statement (i) or Proposition 1 applies). Then we discss how the predictions change for
the consumerdransiting downwards{ those who are gradually consuming their wealth out,
while planning to make a discrete adjustment later on (i.e.tatement (ii) or Proposition 1

applies).

2.3.1 Upward transition, @a+r)=1

Describing the dynamics of wealth inside the transitory irgrval (a ;a;) is crucial for un-
derstanding how the possibility of switching to an optionVy(a) in the future a ects the
curvature of the consumers' value function and, hence, theisk attitudes. Let us look more
closely at the relationship between the value functions fro the sequence V;(a)g/-, when
Vo(a) >V, (@) for su ciently large a, i.e. when statement (i) of Proposition 1 applies.
Denote by a, and a; > a, the wealth levels at whichV;(a) and Vy(a) are tangent to
their common tangent line(see Figure 53 Similarly, denote by a, and a, > a, the wealth

ZNote that a; > a, is the only interesting case becausa; = a,, in conjunction with (1 + r) = 1 would
imply that Vi(a1) = Vo(ai) and V(@) = VX&) for all t 1. Then a limiting argument suggests that
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Figure 5: Mutual allocation of Vy(a), Vi(a) and V,(a) in case (i) of Proposition 1. The
relation betweena, and a; depends on the value of (1 + r).

levels at whichV,(a) and V;(a) are tangent to their common tangent line. By (iii) of Lemma
1, sinceV,(a) = TVi(a) and Vi(a) = TVy(a), we know that if a, and a, are interior, then
aYa,) = a,. Thus, the rst order and envelope conditions imply that

V@) = (1+ 1)Vil(ay): (9)

At the same time, sinceV,(a) and Vy(a) are tangent to their common tangent line ata, and
a, respectively, anda, is interior, it must be true that

V20(5_12) = Vlo(az) . (10)

When (1+r) =1, the combination of (9) and (10) implies thata, = &, sinceV;(a) is strictly
concave, and, thereforeYy(a), Vi(a) and V,(a) have a common tangent line. This argument
can be applied inductively to all the value functions from te sequencd V;(a)g,.,, which
implies that all of them have one common tangent line, and ifiie agent's initial wealth a,
coincides with one of the tangent points, then his continuan wealth pro le would include
all other tangent points to the right of a,.2* Moreover, if a is interior, (iii) of Lemma 1
can be also applied to a pair of functiond; (a) = TV, (a) and Vi(a) = TVy(a) implying

Vi (A1) = Wo(ap) and VP (1) = V@), which guarantees thata = a, and V(a) = max f\p(a); Vi (a)g is
concave.

24This argument relies on the assumption that the asset levelg, are interior for all t = 1;T. It is easy to
verify that this is indeed true since a, = a implies that Vi (a) < maxfVp;:;;Vi(a)g for all k  t+1.
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Figure 6: The properties ofV(a) and aYa) if (1+ r) =1 and (i) of Proposition 1 applies.

that V; (a) is also tangent to the common tangent line of V;(a)g/_, . In addition, since in
this case lim, .1 & = a, their tangent point occurs at exactlya . These observations are
summarized in the Proposition below.

PROPOSITION 2  Suppose thaty(a) and operatorT satisfy the conditions of Proposition
1. Suppose also that(1+r) =1 and (i) of Proposition 1 holds. Then all the value functions
from the sequencé \;(a)g.; have a common tangent line, which is also tangent ¥4 (a) at
a ifa >a.

Figure 6 illustrates the shape of the agent's value functioand the properties of his wealth
dynamics inside the transitory interval when (1 + r) = 1. Two observations emerge right
away. First, if the consumer's initial wealthay coincides with one of the tangent points inside
(a ;a,), he does not have a gambling motive at any period in his lifé&second,Vy(a) appears
to be almost linear inside & ; a,), implying that the agents with wealth inside this interval
is risk neutral with respect to mean-preserving wealth sh&s of certain types?® These
observations are in sharp contrast with the predictions offte restricted model discussed in
Section XX, where discrete housing adjustments create galmgyg motive and magnify the
risk aversion of all the consumers remaining in their initishouse.

Note, however, that due to time discreteness, small kinks our at each cuto level
a,0 t T, implying that (a) if the consumer's initial wealth does notcoincide with

25For example, if ag corresponds to one of the tangent points then in any of the rg& N periods of his life
the consumer would not mind taking a fair lottery randomizing over any combination of the wealth levels
fa;ap;as; i ang.
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any of the tangent points, he would still like to take a small walth lottery to eliminate
the local non-concavity®, and (b) if the consumer's initial wealth does no coincide Wi
any of the kink points, he would be risk averse with respect teery small wealth riskg’.
However, the arguments presented above do not depend on tleadth of the time period.
Thus we can always shorten the time period, thereby allowingonsumers to make wealth
adjustments more frequently (doing this would only make thenodel more realistic)?® Under
such modi cation, the intervals within which V(a) is strictly concave would shrink. A
limiting argument can then be used to show that as the lengthfdhe time period converges
to zero (i.e. the model becomes a continuous time model), tisenall kinks disappear and
the consumer's value function becomes linear inside the emval (a ; a,).

To sum up, we have argued that if (1 + r) = 1 then the possibility of choosing when
to implement the discrete adjustment eliminates the incemtes to take wealth lotteries and
creates transitory wealth intervals, within which the agetis risk aversion is reduced relative
to the environment where all the goods can be adjusted exil

2.3.2 Upward transition, 1+r)61

Recall that, even though our housing model is formulated for(1 + r) = 1, Proposition 1
holds for any values of (1 + r). Thus we actually can discuss how risk attitudes of the
consumers planning to switch to optioriVy(a) (such that Vy(a) >V, (a) for su ciently large

a) would change if (1 + r) 6 1. Even though this discussion does not have any bearing
in our housing model, it sheds light on an interesting relatinship between agents' patience
and risk attitudes, which may be relevant in other models ofidcrete choice.

Figures 8 and 7 illustrate illustrate typical shapes o¥/ (a) for (1+r)> l1and (1+r)< 1
respectively. Observe that (9) and (10) hold for any (1+ r). Correspondingly, (1+r)> 1
would result in a; > @, while (1+ r) < 1 would lead toa, < a. This implies that as
the length of the time period shrinks, those consumers whowgain order to switch to Vp(a)
in the future become risk-averse when(1 + r) > 1 and risk-lovers when (1 + r) < 1.
Obviously, the gambling motive, which is present in the resicted model from Section XX,

26Note that the welfare bene ts of such lottery are likely to be small.

2"Note, however, that such consumer would not necessarily be are risk averse than the consumer with
the same wealth level in the model without housing adjustmen costs. The reason is that varyinga inside
each interval (a;; a;,1 ) iS equivalent to varying a at the moment of the discrete adjustment, after is paid
and the consumer exibly chooses the new housing level.

28When we make the time period shorter, we need to adjust the moel's parameters correspondingly. For

example, if we split each period inton equal sub-periods, we need to seb= 10 p= 1+ r)**™ 1 and

— 1+r b
= ey
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Figure 7: The properties ofV (a) and aYa) if (1+ r) > 1 and (i) of Proposition 1 applies.

Vi{a)

1%

a

Figure 8: The properties ofV (a) and aYa) if (1+ r) < 1 and (i) of Proposition 1 applies.
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disappears in the former case and persists in the latter. Notalso that even thoughV (a)
is concave within @ ;a,) when (1+ r) > 1, the consumers in our model might still be
less risk averse than in the environment without consumptio commitments (in the sense
that a lower premium would be required to make them willing tdake an unexpected wealth
lottery).

2.3.3 The role of (1+ r) in determining consumers' risk attitudes

At rst glance, it is somewhat surprising that risk attitudes (risk averse/risk loving/risk
neutral) of the consumers during the transition to a new optin are solely determined by the
value of (1+ r) and do not depend on the curvature of the instantaneous uiy function
u( ; h) or of the value functionVy(a). To better understand the intuition behind this nding,
we construct two examples suggesting why(1 + r) plays such an important role and then
explain why the lessons learnt from these examples could bgpéded to the general version
of our model.

Example 1. Wealth accumulation and utility gains

Consider the agent who saves > 0 in periodt = 0 and by the time when the total
cumulative return on his savings becomes equal 9, the agent can take an action which
would raise his life-time utility by (measured in utils). S uppose that in period 0 the agent
is allowed to either saves in the risk-free bond or to take a fair lottery and then save &
outcome in a risk-free bond. If the lottery is successful, thagent would be able to experience
the utility jump sooner; if the outcome of the lottery is not successful, the utility jump
would occur later. In order to gure out whether the agent wold be willing to take the
lottery rst, let us compute the present value PV (s) of the utility gain associated with the
future utility jump if the agent saves s in a risk-free bond.

For brevity, let us assume (for this part only) that the time is continuous. The agent
would accumulate amountY by time period x such that sexp (rx) = Y. The present value
of the utility jump then would be equal to PV(s) = exp( x) (where = 1%), which
could be rearranged as

PV(s)=exp( x) =(exp( rx)™ =( s=Y)~

Notice that PV(s) is strictly concave insif <r ( (1+r) > 1), strictly convex if >r
((@+r)y<l)andislinearif =r ( (1+r)=1). Thus the consumer would prefer to
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invest in a risk-free bond in the rst case, to take the lottey in the second, and would be
indi erent between the two options in the third case. Recallthat in our benchmark model
exactly the same conditions on (1+ r) determine whether the agent is risk averse, risk lover
or risk neutral while he is saving in order to move to a biggerduse.

The predictions in this example are driven by the interactio between two forces. First,
exponential discounting implies that the agents are risk i@rs with respect to the timing
of the utility gain (since its present value exp( x ) is convex in Xx). Second, exponential
return on savings implies that the mean-preserving lotterpver initial wealth increases the
expected waiting timex till the utility gain occurs (since x = "Y1 js convex ins). While
the rst force creates incentives for risk taking, the secahacts against it. When the con-
sumers are su ciently impatient, the former dominates becase the degree of convexity of
exp( x) rises, and the consumers become risk lovers.

Example 2: Separable u(c;h), no borrowing constraints

Now we illustrate that the previous example can be mimickedyba special case of our
benchmark model. Suppose that the utility function is sepable in consumption and hous-
ing, u(c; h) = v¢(c) + v,(h), and that there are no borrowing constraints. Then the desion
problem of the agent can be rewritten as:

X1
max th(Ct)"' Vh (o) + T Va(h')  vn(ho)
feegT (=0 1 1
1+ Xt 1+ 1 1+ ()
r r r
S.t. yt+ag= & [ + T(h ho)]:

— + ho++ ——

r o (X1 r d+n)T
The similarities between decision problem (11) and Examplestudied above become obvious
once we realize that the consumer's behavior can be interped in the following way. The
agent borrows against his future income in period 0 and opetwo risk-free bank accounts:
the savings on the rst bank account will be used to nance thestream of consumption
expensed ¢;g and housing payments of siz@y throughout his life; while the savings on the
second bank account (of the initial sizes = ﬁ[ + 1J;—r(h ho)]) are used to nance
the switch from hg to h in period T. At the time of the switch the agent's life-time utility
would jump up by = W) W) Thys according to our conclusions in Example 1, the
agent should strictly prefer to invest his savings in the sead bank account in a safe asset
if (1+r)> 1 and would be risk loving if (1+r) < 1.
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General intuition

These two examples suggest that the risk attitudes of the ceamers inside the interme-
diate interval (a ;a;) are explained by the fact that the savings decision of the nsumer
who eventually plans to switch to a new option could be sepaed into two parts. More
speci cally, this agent makes savings for two di erent purpses: (i) to smooth the marginal
utility of his exible consumption us(c; h) (which is the same as the marginal valu¥ {a))
over time and (ii) to raise his life-time utility level at the moment when the switch happens.
The second type of savings governs the agent's risk prefetea during the path of wealth
accumulation towards the switch; that is why the ndings fran Example 1 also apply in a
general model.

The above observations uncover an interesting relationghbetween patience and atti-
tudes towards risk: while saving in order to switch to a moretaactive option less patient
agents also tend to be more risk tolerant. All the results peented up to now can be applied
in a wide variety of dynamic discrete choice models, for wiicconditions of Proposition 1
can be veried. For instance, if applied to an occupational tice model with borrowing
constraints, it suggests that less patient workers shouldebwilling to take more risky jobs
(or make more risky investments) if they are planning to becoe entrepreneurs in the fu-
ture. Alternatively, our ndings can also be used in a costhjtechnology adoption model to
argue that, while saving in order to switch to a more producte technology, the rms (or
countries) with lower discount factor should be more willig to undertake risky projects. It
would be interesting to see whether these predictions nd gport in the data and, if they
do, to study their further implications.

2.3.4 Downward transition

All the steps of the above analysis can be applied in a straiffbrward way to characterize
risk attitudes of the consumers who arelissavingwhile planning to switch to Vp(a) in the
future. The results are symmetric: such consumers are riskease along the transition path
if (1+7r)<1,riskneutral if (1+r) =1 and are risk lovers if (1+ r) > 1. Similarly,
Proposition ?? can be reformulated for this case: by optimally choosing themoment of
switching to a smaller house and the path of wealth during th&ansition, these consumers
are able to smooth out the kink in the value function induced Y the discreteness of housing
choice if (1+ r) = 1. Comparing the predictions for upward and downward trasiting
consumers, we conclude that risk loving behavior would aesf during the transition the
agent's wealth adjusts in the opposite direction from the aminduced by the value of (1+r)
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in the long run.

2.4 Applying the General Approach to the Housing Model

XXXX
In order to characterize the solution to (1), we consider sepately two subproblems { the
one in which the agent is allowed to switch only to a higher h@eh > h, and the other in
which the consumer can move only to a smaller house < h { and then describe how the
choice ofh depends on the initial wealth level. Our main methodologi¢aontribution and
theoretical results are presented in the next Section.

As it was mentioned earlier, it is convenient to separatelyralyze two cases { moving into
a bigger house and moving into a smaller house. Obviously, time rst case, the constraint
h 2 (hy) = fh:h heg must be imposed in (5), and in the second case it must be
replaced withh 2 ( hg)=fh:hy h> 0Og.
XXXX

In order to apply the results obtained in the previous Sectiin our housing model, we
remain to verify that Vp(a) and V; (a) de ned in (5) and (8) indeed satisfy conditions (a)-(c)
of Proposition 1. The standard dynamic programming argumé® imply that both value
functions inherit the properties ofu( ; ), thus (a) of Proposition 1 holds. However, checking
whether (b) and (c) hold is less straightforward. The follomng Proposition summarizes our
ndings:

PROPOSITION 3  Suppose that (1 +r) =1, < 1j—rho and u(c; h) is supermodular
(uz(c;h)  0) and Vp(a) and V; (a) are de ned in (5) and (8). Then

@) if (hg)=fh:h hyg, the conditions (b) and (c) of Proposition 1 are satis ed and
V; (a) < Vo(a) for su ciently large ga;

@) if (hg)=fh:hy h> 0gand no borrowing constraints are imposeda(= 1 ), the
conditions (b) and (c) of Proposition 1 are satis ed andv; (a) > Vo(a) for su ciently
large a.

Unfortunately, in the presence of borrowing constraints,anditions (b) and (c) of Propo-
sition 1 might be violated if (hy) = fh:hg h > 0g. The intuitive explanation is very
straightforward. In the absence of borrowing constraintsyhen < lj—rho, poor consumers
would prefer to move into a smaller house because this fregsaome life-time wealth for food
consumption (i.e. Vp(a) would be aboveV; (a) for su ciently low wealth levels). However,
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when borrowing is restricted and the consumer's current with is close to the borrowing
limit, moving to a new house (if feasible) cannot be optimalfithe adjustment cost is rel-
atively high (close to or exceedy) because such decision would considerably lower food
consumption in the current period (or even make positive ceamption levels not feasible).

If this happens, Vp(a) < V; (a) and, correspondingly,Vy(a) and V; (a) might cross more
than once. Notice that such an issue does not appear when thensumers are allowed to
move only into a bigger house (o) = fh:hg h > 0g) becausevp(a) <V, (a) for small a
anyway. Thus statement (i) of Proposition 3 holds even in thenvironment with borrowing
constraints.

Also notice that Proposition 3 is formulated for (1 + r) = 1. As pointed out in the
Appendix, we cannot show that in a general casé(a) and T \p(a) have at most one inter-
section?® One could argue that our failure to establish thatvy(a) satis es the conditions of
Proposition 1 when (1+ r) 6 1 makes our discussion in Section 2.3.3 irrelevant. Howeye
we believe that, in spite of being not applicable to a partidar housing model presented in
this paper, the lessons learnt in that Section are still instictive because they can be applied
to other dynamic discrete choice models.

2.5 Optimal Choice of h

To complete the characterization of consumer's behavior,enremain to analyze the choice
between the options of moving into a bigger house and movingtd a smaller house. We
do ithis under the assumption that there are no borrowing catraints since Proposition 1
cannot be applied to describe the behavior of the consumeraphing to switch to a smaller
house when borrowing constraints are binding.

Figure 9 combines all the value functions needed to descrittee choice between transiting
toh hgandtoh  hgonone graph®® The bold solid line plotsV; (a). The bold dashed
line illustrates the value of switching to an endogenouslyhosen bigger house immediately
Vo(ajh hy). From Proposition ?? we know that the consumer is indi erent between

29This di culty arises because the continuation values in the decision problems forT Vp(a) and Vo (a) are
di erent: the consumers maximizing T V(@) can choose anyh in the following period, while the consumers
maximizing Vp(a) will have to continue with h that is chosen today.

In principle, our model can be modi ed in several ways guarantee that Proposition 3 holds for any value of
(1+ r). For instance, it would be su cient to assume that u(c) = ~ + hll —; or that after moving out
from initial house hy the consumer does not have to pay any adjustment costs any merand can be freely
adjusting housing consumption for the rest of his life; or that the set of feasible new houses is restricted to

just two exogenously given valuesh >hgandh <hy.
30Figure 9 is at the same time an illustration to a numerical exanple described in the next Section of the

paper.
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Figure 9: The optimal value V(a), no borrowing constraints

staying in househ, forever and transiting to a bigger house at the wealth level,, at which

the common tangent line toV; (a) and Vy(ajh ho) touchesV; (a). Correspondingly, the
bold dash-and-dot line represents the value of switching ta smaller house in the current
period Vp(ajh ho) . By planning this switch ahead of time, the consumer can efiinate

the kink in the value function; he would be indi erent betwea staying at hy forever and
start transiting to a new house if his wealtha, is such that the common tangent line to
V: (a) and Vo(ajh  hg) touchesV; (a) at this level.

Notice that the relationship minf Vy(ajh ho); Vo(ajh ho)g= V; (a ) must hold
(the former is the value of switching immediately to the hous of the same size) and that
maxf Vo(ajh ho); Vo(ajh ho)g is strictly concave (it is the value of switching immedi-
ately to the house of any size). Thug, < a, and, correspondingly, the intervals of wealth,
inside which remaining in the current house forever is domated by transiting to a bigger
house or by transiting to a smaller house, are disjoint.

Thus the consumer's housing choice is described by a8; ) policy: stay in the initial
house ifa 2 [a ;a,], plan to switch to a smaller house ifa < a; and plan to switch to a
bigger house ifa > a,,. Among the consumers planning to transit to a smaller houséigger)
house, only the poorest (richest) move right away, the restay in househ, for a while and
switch to a new house later in the future.
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2.6 Brief Summary of Theoretical Results

It is useful at this stage to summarize our theoretical ndigs and emphasize once again why
it is important to study consumption commitments in a dynamc environment if one wants
to understand their e ects on consumers' attitudes towardsisk.

In this Section we have shown that in a dynamic model the presee of xed adjustment
costs (giving rise to endogenous consumption commitmentgads to the appearance of
transitory wealth intervals, within which the agents choos to consume their initial level of
the commitment good in the current period but are planning taadjust it in the future. We
found that, even though this future adjustment will be lumpy it does not generate a kink
in the agents' value function; the consumers are able to snthathe kink out by optimally
choosing the moment of the adjustment. In contrast, in a st& model, the consumer's
indirect utility function would always have a kink at the point where the agent is indi erent
between consuming his endowment of the commitment good andjasting it. This lead
us to make the rst important observation: while in a static eavironment consumption
commitments make some agents willing to take unfair lottees, the demand for such lotteries
might disappear once dynamics is added.

Similarly to the predictions of static models, xed cost gearate an inaction region
(wealth interval [a, ;a,]) in our environment. Inside this interval moderate shockgo in-
come or wealth have no e ects on the consumption level of th@mmitment good and are
fully absorbed by the changes in the exible consumption gab Had there been no adjust-
ment costs, the e ects of such shocks would be “spread outress all consumption goods.
Thus, consistently with the results of static models, consaption commitments magnify the
welfare cost of moderate risks inside the inaction regich.However, we argue that the oppo-
site prediction obtains outside of the inaction region. Whe (1+ r) =1, the value function
becomes linear inside the transitory wealth intervals. Hathere been no adjustment costs,
the value function would be strictly concave’? Hence, consumption commitments actually
lower the welfare costs of moderate risk for transiting conmers.

Such heterogeneity of risk preferences raises a natural gtien of how important the
‘transitory' e ects might be relative to the ‘“inaction” e ects? Or, put di erently, should
we expect that a signi cant number of consumers adopt transng behavior, in which case

3lwe can easily visualize this argument using Figure 9: if the onsumer was able to adjust housing
consumption costlessly, his value would be given by max/(ajh ho); Vo(ajh ho)g, which has lower
curvature inside [a, ; a,] than Vi (a).

32In the absence of adjustment costs the value function would b given by max Vo(a+ jh ho); Vo(a+
jh ho)g.
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it would be essential to account for their presence in ordeiotunderstand the e ects of
consumption commitments on aggregate risk attitudes? In thnext Section we attempt to
address this question using a series of simple numerical xges based on our model.

3 Numerical Analysis

In this Section we describe a series of simple numerical esises analyzing whether the
transiting behavior is likely to arise in our dynamic model.In general, consumers might be
willing to switch to a new house (immediately or with a delay)f their initial housing choice
is "'wrong'. This might happen, for instance, if an income slak arrives in period 0 after the
housing commitment is made. From the analysis in the previsuSection we should expect
that if the income shock is su ciently large { the consumer wil move to a new house right
away, if it is quite small { the consumer would not adjust housg consumption at all, and
for the intermediate shock values the consumers might chao remain in the initial house
for a while and adjust it in the future.

Intuition suggests that two features of our model might cret@ incentives for such tran-
sitory behavior: positive interest rater > 0 and the presence of the borrowing constraints.
When r > 0, the consumer can decrease the present value of the adjustincost (and
increase the present value of his life-time wealth) by postming housing adjustment for a
while. When borrowing is restricted, it might be too costly ¢r even not feasible) to pay
the adjustment cost in period 0 and the consumer might choose to wait for a whilelti
he accumulates su cient resources to nance transition. Ast was mentioned earlier, these
features are absent from the model in Chetty and Szeidl (200 Therefore transitory behavior
never appears in their environment. In what follows we attept to identify how important
each of these factors might be for stimulating transiting deavior.>?

Parameterization:
We choose the same parameter values as in the benchmark saioh of Chetty and
Szeidl (2007) (see column 2 of Table 2). The instantaneousility function is separable in

consumption and housing:
Cl c hl h
u(c; h) = + ;
33There is a short section in Chetty and Szeidl (2007), which agues that borrowing constraints magnify
local risk aversion with respect to a particular type of negdive income shocks. We complement their
discussion by illustrating that borrowing limits can lower risk aversion with respect to positive income
shocks.
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where ;=4 and , =1. We think of a period as a year and set =0:96 andr = 0:04173*
Per period income is normalized toy = 1 and is chosen in such a way that the agent
foreseeing constant income for the rest of his life choosesspend 50% of it on housing. In
this case the initial housing commitment is equal tdy, = 0:5 and = 8. The adjustment
cost is equal to 10% of the total life-time value of the initial hoging commitment and we
will perform a comparative statics exercise with respect tthis parameter.

Transitions induced by r> 0, myopic consumers

To emphasize the role of > 0, we rst consider the model without borrowing constraints
The value functions obtained under our parameterizations eve shown on Figure 9. Figure
10 emphasizes that there are substantial di erences in risktitudes between the consumers
with di erent wealth level. It plots the percentage risk premium that would be required
to make consumers willing to gamble their current period irame in a 5650 lottery in two
di erent models, with and without consumption commitments If there are no adjustment
costs, such risk premium gradually declines with wealth (ste u(c; h) has DARA property).
When the xed adjustment cost of size is imposed, the consumers with the wealth level
around zero (wherehy, = 0:5 is optimal) become signi cantly more risk averse than in th
model without adjustment costs. At the same time, consistely with our theoretical ndings,
the consumers in the transitory wealth intervals are risk ngral { they would be willing to
take this income lottery even if it does not o er any premium.

Judging from Figures 9 and 10, the transitory intervals seero be wide in comparison
with the the inaction interval. In the benchmark model, an ircrease in the initial wealth in
the range from 1.57 to 8.33 (157% to 833% of annual income)afthe initial housing choice
is made would induce the consumer's transition towards a lggr house, and a decline in the
initial wealth of the size of 182% to 640% of annual income wolugive impetus to a downward
transition. When there are no borrowing constraints, chargs in the initial wealth could be
replicated by permanent changes in the annual income (sinoely the total life time wealth
is important for consumer's decision). Thus, in our benchmmla model, the consumer would
start saving for a bigger house if in period zero, after the ital commitment of hy = 0:5
is made, he receives an unexpected permanent shock to hisome in the range from 6%
to 34% (i.e. the new income level varies between 1.06 and 3.3&imilarly, a downward
transition would start if per period income drops unexpectily by 7% to 22%?3°

34Recall that this is di erent from parameterization in Chett y and Szeidl (2007), where =1 and r = 0.
35Income shocks of this size are not uncommon in the data (e.g. ydland 1984); most numerical macroe-
conomic models with incomplete markets assume that the stagiard deviation of the annual income is around
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Risk premia required to compensate for the same size wealth lottery (std = annual income)
T T T T T T T T
. WITH CCS
*  WITHOUT CCs i

Figure 10: Comparison of the risk premia () needed to make tle consumer willing to
gamble their current period income in the models with and witout adjustment costs (the
lottery is a 50/50 gamble between 0 and (+ )).

Table 1 presents how the width of the transitory interval adysts when falls. As can
be seen, even when the adjustment cost is fairly small, thenges of income shocks which
would put the consumer into a transiting interval (and make Im locally risk neutral) are
signi cant in comparison with the range of income shocks farhich the agent would remains
inside the inaction interval (and be more risk averse than ithe model without consumption
commitments).

Table 1. Income shocks generating transiting behavior
(r > 0, myopic behavior, no borrowing constraints)

% of 1J;—rho negative y shock positivey shock

1:250  0.100 (-0.22,-0.07) (0.06,0.34)
0:625  0.050 (-0.15,-0.05) (0.05,0.23)
0312  0.025 (-0.12,-0.03) (0.04,0.15)

20% (e.d. Hugget 1996).
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Table 2: Distribution of ex post housing decisions
(rational consumers,r > 0, no borrowing constraints)

h o at h <hg h <hg ho h >hg h >hg
ap=0 atT=0 atT>0 forever atT>0 atT =0

0:20 0.45 0.09 0.12 0.38 0.30 0.11
0:13 0.46 0.02 0.09 0.54 0.32 0.03
0:09 047 0.01 0.04 0.67 0.27 0.01

Table 3. Positive income shocks generating transiting behavior
(introducing borrowing constraints)

% of 2'h! no constraints a; 0 is imposed
1250  0.100 (0.06,0.34) (0.06,0.81)
0:625  0.050 (0.05,0.23) (0.05,0.46)
0312  0.025 (0.04,0.15) (0.04,0.23)

Transitions induced by r > 0, rational consumers

Our rst numerical example summarized in Table 1 describeshe behavior of the myopic
consumers, whose initial housing decision is made under tassumption that there would
be no income shocks afteng is chosen. If the consumers foresee the possibility of reweg
a permanent income shock after the commitment is made, thainitial housing choice would
be di erent, and, correspondingly, the transitory intervds would adjust. Thus in our next
exercise we model rational consumers, who make their initirousing choice knowing the
distribution of income shocks that would arrive afterwards

Assume that ex postannual income is drawn from a normal distribution with mean 1
and variance 2. After the shock's initial realization in period 0, the levé of income re-
mains constant forever. Table 2 lists the values of initial tusing commitments made by
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rational consumers in period O for di erent levels of as well as the distribution across the
types of housing adjustments made after the income shock isatized. For instance, when
the standard deviation of the income shock is equal to 0.2, ¢hinitial housing choice falls
to hg = 0:45 (the consumers insure themselves against the low inconsalizations). After
the income shocks arrive, 9% of the consumers move to a snralleuse immediately, 38%
remain in their initial house hg, and 11% decide to move into a bigger house right away. The
remaining 42% of the agents start adjusting their wealth in mer to eventually move into a
new house. Out of them, 12% are transiting downwards and 30%edransiting upwards. As
can be seen from Table 2, the smaller is the income uncertainthe bigger is the fraction of
agents who choose to remain in their initial house forever.vén though the fraction of con-
sumers switching right away becomes almost negligible, tlaenount of transiting consumers
remains signi cant. These observations suggest that the ansiting behavior occurring due
to r > 0 might have a signi cant quantitative impact on the aggregée demand for risk.

Transitions induced by the borrowing constraints

Finally, we analyze to what extent borrowing constraints ca contribute to the appearance
of transiting behavior. Given that we were not able to provié the theoretical characterization
of downward transitions in the presence of the borrowing cetraints (see (ii) of Proposition
?7?), we focus in this exercise on upward transitions only. Tabl3 compares the ranges of
positive income shocks that induce transiting behavior of yopic consumers (the ones who
commit to hg = 0:5 initially) in the models with and without borrowing constraints. As
can be seen, imposing the restrictioa;, 0 considerably broadens the range of permanent
income shocks, after the realization of which consumers loete risk neutral.

It is also important to point out that this paper describes a guation, in which the pres-
ence of the borrowing constraints reduces the welfare codtrisk for a subset of consumers.
This is in sharp contrast with the traditional ndings in inc omplete markets models (e.g.
Aiyagari (1993)), where borrowing constraints make agentsiore risk averse because con-
sumption of constrained consumers must drop if they get hityba negative shock. In this
paper we have shown that borrowing limits, in conjunction wh xed adjustment costs, may
generate transitory intervals, within which agents becomandi erent to risk (or even like it
if (1+r)< 1and they are transiting upwards).

To sum up, a series of simple quantitative exercises presedtin this Section suggests that
the occurrence of transitory behavior in the models with xd adjustment costs (or other
features leading to lumpy adjustments) might play an imporant role in shaping the economy-
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wide demand for risky assets. At the same time, we must ackniadge that, given that our

model is quite stylized, our quantitative results should nibbe taken seriously. However, we
believe that our ndings do serve as a motivation for a more a@nced numerical project
(which we leave for future work).

4 Final Remarks

This paper illustrates that some of the predictions about th e ects of consumption com-
mitments on consumers' attitudes towards risk derived frorstatic models do not necessarily
hold in a dynamic environment. We showed that (i) consumersaa eliminate non-convexities
in their value function by delaying housing adjustments andhat (ii) the consumers who are
planning to switch to a di erent house in the future may be moe risk tolerant than the con-
sumers with the same asset level in the model without xed adgtment costs. The punch
line of our analysis is that consumption commitments (i) do ot explain why consumers are
often willing to simultaneously buy lotteries and insurane and (ii) have a weaker poten-
tial for explaining the equity premium puzzle than it has bee suggested in the previous
literature.

The major shortcoming of the analysis in the paper is that outheoretical results heavily
rely on the fact that the agent's decision problem is determistic along the transition path
towards a new house. Intuition suggests that the qualitat results should be preserved if
we add just a bit of uncertainty or introduce very persistentincome shocks. Unfortunately,
we were not able to extend our methodology to provide analgial characterization of the
consumers' decision problem in the presence of idiosynécaincome shocks. However, this
problem can undoubtedly be solved numerically. The two majogyoals of such an exercise
would be to (i) quantitatively analyze how the presence of esumption commitments a ects
the curvature of the consumers' value function and (ii) evalate whether the fraction of the
consumers who become more risk tolerant due to the presenée€ansumption commitments
might be quantitatively signi cant. If the answer to the latter question is positive, it would
be interesting to “close' this model in a general equilibna framework and study its asset
pricing implications.

Our paper also makes a methodological contribution to thetérature studying various
dynamic discrete choice models in discrete time. It is wellnkwn that, in general, it is
quite di cult to establish single crossing of the value funtions associated with the available
discrete options (which would allow to obtain the cuto rulg. A su cient condition that
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would guarantee such single crossing (and which is often ds@ dynamic discrete choice
models, such as Dixit and Pindyck (1993)) is the monotonigitof the di erence between (i)
the value of switching to the new option in the current periodand (ii) the value of switching
to the same option in the following period. Unfortunately, his condition does not hold in our
model (and it would not hold in many other discrete choice maals, where the instantaneous
payo satis es Inada conditions). However, we can show thain the presence of a continuous
control/state variable (e.g. wealth), a much weaker condibn can guarantee single crossing.
It turns out that instead of establishing the monotonicity d the di erence between the two
value functions, it is enough to verify that they cross only ce, which can be easily done
in our setup. We believe that this result may be useful to otheresearchers working with
dynamic discrete choice models.
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Figure 11: lllustration to the proof of Lemma 1

6 Appendix

Proof of Lemma 1:

It is convenient to establish (ii) of Lemma 1 rst. To verify that for any b, for which TF (k)
TG(h), it must be true that a2 (h) a, we construct the argument by contradiction.
Suppose thata? (B) < a . Then, sinceF (a) < G (a) forall a<a , it must be that F (a2 (B)) <
G(a2(h)). At the same time, a2 (B) is a feasible saving policy for the consumer maximizing
TG(B). Thus

a? (k)
+r’
().

1+r’

TG(B) u bB+y hg hy + G (a(h))

R

>u B+y ho ho + F (a2(R) = TF(h);

which obviously contradicts toTF(R) TG(h).

A similar argument is used to verify that for anyh, for which TF(B) TG(h), the inequality
al(B) a must hold.

Statement (i) of Lemma 1 is also proven by contradiction. Sygpse thatTF (a) and TG(a)
have multiple intersections, labeled bya, and b, on Figure 12, withb; < b,. Then there
existsa 2 (by;B,) such that TF{a) = TG%ea) and TF(a) < TG(a) (it is straightforward to
verify that TF (a) > TG(a) for su ciently lare a). On the one hand, TFYa) = TGYa) implies
that the agents maximizingTF () and TG(a) derive the same current period utility. On the
other hand, sincea is in between the two intersection points, the properties dhe policy func-
tions a2 (a) and a% (a) established above can be used to illustrate the (a2 (a)) > G (a%(e)),
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Figure 12: lllustration to Step 1 of the proof of Propositionl

which leads to an apparent contradiction (namely, it implis that TF(a) < TG(a) cannot
hold). To see thatF (a2(a)) > G (a(a)) indeed holds, observe thatl(a) a foralla B
(since this is true ath, and, by concavity ofF (a), al(a) is monotone) and thata(a) a
for all a B, (for the same reason). Thus(al(e)) > F (a) = G(a) > G (aZ(a)), which
completes the proof.

Proof of Proposition 1:

Denote by a, the wealth level at whichV;(a) and V; i(a) intersect; and by a] the wealth
level at which V;(a) and V; (@) intersect (conditions (b) and (c) of the Proposition imply
that, by (i) of Lemma 1, each pair has at most one intersectign Also denote byaJ(a) the
optimal savings policy of the agent maximizingv;(a). To prove (i) of Proposition 1, it is
su cient to verify that a,,, <a, as long asvi+1 (a) > maxtV; (a); Vo(a); Vi(a); :::; i (a)g for
somea a. This is done in two steps:

Step 1: Verify thatif V;(a) < maxfV; (a);V; i1(a)gforalla athenVi::(a) < maxfV; (a); i(a)g
foralla a
Suppose that the opposite is true and there exists 1 such thatV;(a) < maxfV; (a); V; 1(a)g
foralla abutVis1(a) maxfVy (a); i(a)g for somea. This implies that a,,;, a >a,
(see Figure 12). Correspondinglyi+1 (a.1) > V1 (8441)-

First, notice that a2, (a.,;) > a,,; must hold. If the opposite were true then the sequence
of the value functionsf V;(a)g;_y would not be converging toV; (a). To see this, notice that

a1 (1) &y implies that Viu (&0 (a,))  Vi(al (8.1)) and thus Viro (&0, (a41))
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Figure 13: lllustration to Step 2 of the proof of Propositionl

Vis1 (824 (8441))- Since Viuz (@) and Vi4g (a) have unique intersection andVi; (2) > Vi (a)
for suciently large a, Vi+2(a) Wi+1(8) VMi(a) forall a a,,. By induction, it follows
that Vi.x(a) Vasi(a)foralla a.,, andk 2, which implies that limy; +1 Vi+k(841) >

Vl (at+1)-
Second, @, (a.,;) @&, implies that

a?+1(at+1).h
1+r

0
h %;h + Vi@ (a) V(@)

Vt+1 (at+1) = U &4 ty h + Vt(a'?+1 (at+1 ))

<u at+1+y

which contradicts the de nition of a,,; (namely, that V.1 (a,;) = Vi(a.,)), implying that
Vi+1 (@) < maxt V; (a); Vi(a)g must hold for alla a.

From Step 1 it follows that, if for someT it happens that V1.1 (8) < maxt V; (a); Vo(a); Vi(a); :::; Vr (a)g
foralla a, then, foranyk 1,V.¢(a) < maxtV; (a);Vo(a);Vi(a);::;;Vr(a)gforalla a
and V (a) = maxfV; (a); Vo(a); V1(a); :::; Vr(a)g.

Step 2: Verify that a,,, <a, forallt T 1.
Suppose that the opposite is true and,, a forsomet T 1 (see Figure 13). Then,

by (ii) of Lemma 1, &, (a,,)  &. Correspondingly, Vis1 (88 (81))  Vi(@ss (841))-
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Therefore,

0
%; h + Vi (a’?+1 (a(+l ))

0
h W;h + V(@ (841)) = Vira (8 ):

Vt+2 (at+1) U gty h
Uu g, *ty

SinceVis; (@) and Vi (@) have at most one intersection and., (@) < V41 (@) for su ciently
largea, Vi+2(a) Vi1 (a)foralla a.,. Thus we can inductively apply the above argument
and conclude that for anyk 2 it must be that Vi< k(a,;) Vi1 (&41) > V1 (844 ), Which
obviously contradicts limqg +1 Visk(a,) = Vi (841)-

A symmetric argument is used to prove (ii) of Proposition 2 (amely, it can be veri ed
that a.,, >a, as long asvi+1 (a) > maxfV; (a); Vo(a); Vi(a); ::;; Vi(a)g for somea  a).

Proof of Proposition 2:
First, recall that when (1+ r) =1, the wealth level of the agents staying irhy forever does
not change over time:a? (a) = a.
Suppose that\Vy(a) >V, (@) for su ciently large a. If V(a) is not di erentiable at a > a,
it must be that
VP(@a)=V%a )<Vvia*)= Va); (12)

where T is the optimal waiting time at a . But then it is obvious that the consumer with
wealth a would be strictly better o if, instead of staying at the initial househq forever, he
switches to a new house i + 1 periods because

a (a
Via@) u@+y ho T8ngs voca @)
a
=u(a+y hg m;ho)+ Vi(a)
a
=u(@a+y ho m;ho)‘*' Vi(@)=Vi(a):

The rst row uses the fact that a0 (a) is a feasible saving policy for a consumer maximizing
V.1 (a), the second is implied by (1 + r) =1, and the third follows from the de nition of
a (i.e. Vi (a) = Vr(a)). Moreover, (12) implies that the rst inequality must be strict.
Thus V., (a) >V (a) and, correspondingly, sucha cannot be the cuto wealth level.

A similar argument applies ifVp(a) <V, (@) for su ciently large a.
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Proof of Proposition 3:
(i) A standard argument is used to verify thatVy(a) > V; (a) and Vp(a) > T Vo(a) for su -
ciently largea when (hg) = fh:h hogin (5).

To verify that Vp(a) and V; (@) have at most one intersectionwe develop a two-steps argu-
ment:

Step 1: We can show that for anya;  a, the relationship V; (a;; h1)  V; (ag; hy) implies
that V (a;;h;)) V (ap;hy), wherehy > h, and V (a;h) is the value of staying in house
h forever de ned in (4) and V, (a; h) is its derivative with respect to the rst argument.
This property can be established recursively: assume thatholds for someV (a;h;) and
V (a; hy) and verify that it carries over to TV (a;h;) and TV (a;h;), where

0

TV (a;h) =maxfu(a+y h a hy+ Vv (% h)g: (13)
a a 1+r

Suppose thatTV, (a;;h1) TV, (a; hy) for somea;  a,. For brevity, denote by a? and
aJ the optimal saving levels ata; and a, respectively. By the envelope condition we obtain
u(fagr+y hy %; hy) uw(a+y hy %; h,). Sinceh; > h,, supermodularity and
concavity of u( ; h) imply that

a a
G=aty h o @ty h =0
which generates two useful implications:
u(c; hy) > u(cz; hy) (14)
and
ay a (1+ f)(ﬁg{zf}’f Pi{zﬂ?) > 0 (15)
0 >0

The rst order conditions to (13) imply that uy(cs; hy) (1+ )V, (a2; hy) and uy(cy; hy) =
(L + r)V,; (a5 hy). Note that (15) implies that for the chosena; and a, the rst order
condition to the decision problem de ning TV (a3;h,) must hold with equality (&) = a
would imply that a2 < a, which is not feasible). ThusTV, (as;h;) TV, (az; hy) also
implies that V, (a%;h;)  V; (a3;h,). By (15) and the assumption of the recursive argu-
ment, it follows that V (a%;h;)  V (aJ;hy). Combining it with (14) we conclude that

TV (a;;hy) > TV (ay; hy). This concludes the proof of Step 1.
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Step 2: We can now use the properties of (a;h ) and V; (a) = V (a; hp) established in
Step 1 to show thatVp(a) and V; (a) cross at most once. IiVy(a) and V; (a) had multiple
intersections, there would exist wealth levelh in between the two crossing points such that
VAB) = VL (B) and Vo(B) < V4 (B). Thus, similarly to the proof in Lemma 1, it su ces to
argue that V{a) = V(a) implies that Vy(a) >V, (a).

Considera asuch thatVOO(a) = V(). By the envelope condition,u;(a+y h (a)
1+r ;h (@) = u(a+ty hg 1+r ; o), whereaJ and a2 are the saving rules maximizing/y(a)
and V; (a) respectively, andh (a) is the optimal housing level chosen in the deCISIOI‘l prob-
lem (5). Sinceh (a) > hg, supermodularity implies thatu(a+ y h (a) 1” ;h (a) >
u(aty hg 1+r,ho) and, correspondinglyad < a$ . From the latter inequality it follows that
for the agent maximizingV; (a) the borrowing constraint must be slack. Thus the rst order
conditions for the agents maximizing/p(a) and V; (a) areu,(a+y h (a) 1+r h (@)

(L+r)V, (@5 h (a) and uy(a+y hg %;ho) = (1+ r)v2(a}) respectively. Corre-
spondingly, VXa) = V?(a) also implies thatV, (a3;h (a)) V(2% ). Now we can apply the
result established in Step 1 (since <a$, Vi (a) = V (a;hy) and hy < h (a)), concluding
that V (a3;h (a)) Vi (a2) must hold. Therefore,Vp(a) > V1 (a) at any a  a at which
Vda) = VL (a) and, consequently,Vo(a) and V; (a) can have at most one intersection, i.e.
(b) of Proposition 1 is satis ed.

To verify that Vp(a) and T Vy(a) have at most one intersection it is enough to show that
VA@) = TVJXa) implies that Vo(a) T V().

Suppose thatVJ{a) = TVJa) at somea > a. Then from the envelope conditions and
supermodularity it follows that u(a+ y h (a) 1Jrr,h (@) u(a+y hg 1+r,ho)
(where a3 and &2 are the optimal saving levels maximizing/s(a) and T Vy(a) respectively).
At the same time, as in Step 2 above, we can verify that for argsuch that Va) TVJa),
the inequalitiesh (a) >hoand > 0imply that a3 < a9, and thus the borrowing constraint
is slack for the maximizer ofT \p(a). Thus TVJa) = (1 + r)vVXald). Since (1+r)=1
and, by assumption,VXa) = TV{a), it follows that & = a and thus V,(a9) = Vo(a) =
V (a ;h (a).

The borrowing constraint in the optimization problem maximzing Vy(a) might be bind-
ing, thus the corresponding rst order condition guarantes that VJa) V; (&5; h (a)).
Thus VJa) = TVXa) also implies thatV, (a3;h (a)) V;(a ;h (@) and, correspond-
ingly, V (@;h (@) V (a ;h (a) = V(a?). Combining it with the inequality for
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per period utilities obtained above, we conclude thaVy(a) TW(a) at any a at which
Vda) = TVJXa).

Note that when (1+ r) 6 1, the wealth level of the consumer maximizingl Vpo(a) must
adjust (i.e. a 8 a;), and thus the level of housingh (a9) chosen in the following period
would be di erent from h (a). In this case, we would no be able to derive any predictions
regarding the relative values ol (a$;h (a)) and V (a2;h (a2)). That is why the argument
developed in this proof cannot be used if(1+ r) 6 1.

(i) When ( hg) = fh:hg h> 0g, it is straightforward to verify that Vy(a) <V, (a) and
Vo(a) < TV(a) for su ciently large a. Thus, as in the proof of part (i), in order to argue that
conditions (b) and (c) of Proposition 1 are satis ed, it is stcient to show that VJa) = V. (a)
implies that Vp(@) V1 (a) (and VJa) = TVXa) implies that Vp(a)  TVWy(a)). However,
whenh (a) < h, we cannot prove any more thatd < a? (or a§ < a?) becauseh, h (a)

can be either positive or negative. Thus in this case we aretrable to claim that at a wealth
level a at which VJa) = V(a) (or VXa) = TVXa)) one of the rst order conditions neces-
sarily holds with equality. Thus, in the presence of the boawing constraint, we cannot any
more establish that a particular relationship holds for thecorresponding continuation values.
At the same time, if there are no borrowing constraints, bothrst order conditions would
hold with equality and the proof of (i) trivially extends to the case when the consumers
choose a new house from the sethg) = fh:hg h> 0g.
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